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A Near-Wall Reynolds Stress Model for 
Backward-Facing Step Flows 
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A near-wall Reynolds stress model has been used in numerical computations tbr two-dimen- 

sional, incompressible turbulent flows over backward-facing steps. Numerical results are 
compared with Direct Numerical Simulation data as well as experimental data for flow 
quantities such as the skin friction, wall pressure, U-velocity and the Reynolds stress. Budgets 

of  the transport equations for the U-velocity, turbulence kinetic energy, k and the Reynolds 
shear stress,--  uv are also calculated and compared with the Direct Numerical Simulation 

data. The comparison reveals that the near-wall Reynolds stress model predicts the reattachment 
length fairly accurately. The near-wall Reynolds stress model also predicts the development of  
the boundary layer downstream of the reattachment point correctly when the Reynolds number 

is low. However, the model generally predicts a weak separation bubble and a slowly developing 
boundary layer when the Reynolds number is high. 
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Turbulence Model, Finite Volume, SIMPLER 

1. Introduction 

Separation and reattachment of turbulent shear 
layers are observed in many important engineer- 

ing applications, yet are poorly understood. This 
has motivated many studies on understanding and 
predicting the processes of separation and reatta- 
chment of turbulent shear layers. Whether the 
separated/reattached turbulent flows are induced 
by the adverse pressure gradient or by discontinu- 
ities of geometry, the complex flow phenomena 
have attracted special attention of turbulence 
model developers. It is still a formidable task for 

the model developers to formulate the turbulence 
closure models to predict the essential features of 
separated turbulent flows accurately. 

For the past two decades, the backward-facing 

step flow, which is the simplest separated flow, 
has been a popular test case for turbulence 

models. Although detailed studies on the perfor- 
mance of many turbulence models for flows over 
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backward-facing steps can be found in a large 

number of papers, only the few papers that are 
closely related to the study are listed. 

Yoo et al. (1989) calculated a backward-fac- 
ing step flow using the Reynolds stress model 

proposed by Launder et al. (1975). They found 
that the Reynolds stress models predicted the flow 
field better than a standard k - e  model in the 
recirculating region. They also noticed that the 
recovery rate of the redeveloping boundary layer 
downstream of the reattachment point is too slow. 
Park et al. (1992) applied a standard k - e  model 

and a non-linear k - e  model to three-dimensional 
backward-facing step flow. They found that the 

reattachment length of the three-dimensional 
flow was considerably shorter than the corre- 
sponding two-dimensional flow. Thangam & 
Speziale (1992) and Lasher & Taulbe (1992) 

reported extensive literature survey and numercal 
investigation for the backward-facing step flows. 

These studies indicate that almost all the existing 
turbulence models fail to predict many important 
features of the backward-facing step flow accu- 
rately, such as the reattachment length, recovery 
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rate of the redeveloping boundary layers down- 
stream of the reattachment point, streamlines near 
the reattachment point, and the skin friction 
coefficient. 

An elliptic relaxation model was proposed by 

Durbin (1991) to represent inhomogeneous 

effects of wall-bounded shear flows near the 

surface. This model obviated the need for ad hoc 
eddy viscosity damping functions in the near wall 
region. After showing that the elliptic relaxation 

approach was successful in simple flows, such as 
the channel flow and flat plate, and the attached 
boundary layers, lhe model was extended to a full 
near-wall Reynolds stress model (Durbin, 1993) 
(herein after NRSM). 

Using the NRSM, Ko & Durbin (1993) 

computed the massively separated boundary layer 

experiment of Simpson et al. (1981), and tbund 
that the new model was able to produce a separat- 

ed flow reasonably. However, it was difficult to 
draw any conclusion on the model performance 

due to ambiguities in the experimented flow con- 
dition. Therefore, it is necessary to have a well 
-defined test case with clear-cut boundary condi- 

tions in order to isolate the phenomena which are 
directly related to the turbulence model. In addi- 
tion, the Direct Numerical Simulation (herein 
after DNS) data ( L e e t  al., 1997) has become 
available for detailed comparison for a low 

Reynolds number backward-facing step flow. 
The main objectives of the present study are to 

apply the NRSM to the flows over backward 

-facing steps, and to test the validity of  the model 
by comparing with the newest DNS data. 

2. Turbulence Model 

As discussed previously, the NRSM is capable 
of describing near-wall effects without using ad 
hoc damping functions. The model utilizes the 

elliptic differential equations to account for non 
-local wall blocking effects. Here, only the model 
equations are briefly described. Detailed discus- 
sion of the model and its boundary conditions 
can be found in papers by Durbin (1991, 1993). 

For a Newtonian fluid with the uniform--den- 

sity, uniform-viscosity, and no external force, the 

Reynolds stress transport equation is given as 

l(.,dl  + 8p 
Dt p \  aXs u ~ /  

8 8~;zij ......... 
+ ~ [  ~--Ox2---- UmU,,u~ ] (,)  

where 

....... ~ - - o u , ,  
Po . . . . .  ( uiu, 8x~ -t. usu~=g~-~ (2) 

is the rate of turbulence production by mean 
velocity gradients. This production rate does not 
introduce further unknowns and thus does not 

require modeling. The triple velocity correlation 
in Eq. (1), representing the rate at which the 
Reynolds stress is carried by the turbulence fluctu- 

ations, is modeled by the simple gradient-diffu- 
sion hypothesis of Daly & ttarlow (1970): 

3 
(-,,mU,uj)=-&~~: ; 7  - - \ - a ~  8x~ / (3) 8x~ 

The tensorial eddy viscosity in Eq. (3) is 

Umi= C~ Umm T (4) 

where the Lagrangian time--scale, T, of  the turbu- 
lence is 

7"=max(-ke' CT~/~)  (5) 

The second term in (5) introduces the Kolmogor- 
off time-scale as a lower bound. The rest of the 

unclosed terms, such as pressure gradient-velocity 
correlations and anisotropic dissipation, e,.j are 
lumped into a term, F'~.j as 

F,+ .......... L [  u Op_ . 81) ~ . t u,~ff~i ) -  r 'j ~-~r (6) 
p \  8xj 

By combining Eq. (3) through Eq. (6), Eq. (l) 
becomes 

+ 8 [cu+ u~,) 8u,u~] (7) 
~ L '  ~ -ax-~-J 

In Eq. (7), F~j is the only unclosed term, which 

can be modeled using the elliptic relaxation 
model (Durbin, 1993) as follows 

F~ = kf~s and (8) 

L2V2f ~- C1 {-u~u] 2 ~ '~ 
'~-~ ~ ~ = ~ - \ -  U - -  3 -~ 

+ C2/~, 2 \ 
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where the length-scale L in Eq. (9) is expressed 

a s  

k3/2 3 
L - -  CL max ( ~ - ,  C~ (~-)  1/4) (10) 

and P~- P,/2. 

The elliptic relaxation model represents kinematic 

blocking of the wall(Hunt and Graham 1978) by 
elliptic differential Eq. (9). In incompressible 

flow, pressure fluctuations obey an elliptic equa- 
tion( i. e. Poisson's equation), so it seems natural 

to introduce ellipticity into F~ which represents 
pressure-velocity correlations, The right hand 

side of Eq. (9) is simply the 'basic' model of 
Launder et al. (1975). Any other quasi-homoge- 

neous Reynolds stress model could be used as the 
source term in this equation. Thus, the elliptic 

relaxation formulation primarily provides a 
framework for extending a quasi-homogeneous 

model to a model for near-wall turbulence. The 
constants for the NRSM are Cu=0.28, Cr=6.0 ,  

C1=1.22, C2=0,6, CL=0,18, and C~=80.0. 
The above NRSM equations are coupled with 

the transport equations for turbulent kinetic 

energy k and its rate of dissipation e as 

3 Uml Ok D k = p - e + ~ { ( u +  a~-~ ( l l )  

DE _ C , I ( I , o 1 P ~ P  c, e 

O f /  , v , , i iaE]  

The constants for the k-E system of equations are 
C,1-- 1.44, C~2= 1.85, ak-- 1.0, and a~= 1.3. 

3. Numerical  Method 

The NRSM are implemented into a full Navier 
-Stokes solver for 2-D, incompressible, steady 

-state turbulent flows over the backward-facing 
step. This solver is based on the finite volume 

procedures embodied in the TEACH code of  
Gosman & Pun (1974). The equations of primi- 
tive variables are solved on a system of staggered 

grids using the SIMPLER algorithm of Patankar 
(1980). The third-order accurate QUICK differ- 
encing scheme of  Leonard (1979) is utilized for 

all convective terms in the momentum equations 

to reduce the artificial viscosity. 
The accuracy of the numerical prediction 

depends on the accuracy of  the numerical 

methods used as well as on the ability of the 

turbulence model applied to a specific flow situa- 
tion. Two-dimensional laminar flow over a back- 

ward-facing step has been computed in order to 

verify the accuracy of the numerical methods 
(Ko, 1995). This explanatory computation has 
shown that the present computational methods 
are adequate to be applied to the backward-fac- 
ing step flow. 

The computational domain is extended from 

the step (x=0)  to 40 H,  where H is step height. 
This long computational domain ensures that the 

zero-normal gradient boundary condition in the 
axial direction for all flow variables at the outlet, 

8/8x~--0, is appropriate. 
At the inlet boundary, profiles of all the flow 

variables are specified. The whole computation 
procedure and the resulting flowfield are sensitive 

to the specified inlet conditions since the inlet 
boundary at the step is the onset of sudden 
changes of flow parameters. In the present study, 
the inlet profiles of  flow variables are obtained 
using the following procedures: (1) obtain the 
displacement thickness, 8" and the Reynolds 
number, Re, based on the reference velocity Uo 
and the step height H at the step from experimen- 

tal data, (2) calculate the mean U-velocity, Um 
for the channel upstream of the step using the 

relation ~_Tm= Uo(1-28*m/H1), where /'/1 is the 
channel height at the inlet, (3) run a channel 
calculation starting with a plug flow with the 

mean velocity, Um at the inlet, (4) find the 
downstream location where the calculated dis- 
placement thickness 8* coincides with 8"i,, and 
(5) finally use the channel solution at that loca- 

tion for the inlet boundary conditions for the 

backward-facing step flow problems. 
After exploratory runs, the selected grids are of 

140 of  uniformly expanding grid lines in the 
streamwise direction and 140 (107 for Jovic & 

Driver's (1994) case) with highly non-uniform 
grid lines in the transverse direction. The grid 

distribution is not made larger or smaller over the 
neighborhood more than 8 to 10% depending on 
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Table 1 Test cases for backward-facing step flows. 
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Group E~=H~/H2 Reh = Uott / u 

Kim et al. 1.5 45,000 

Driver and Seegmiller 1.125 37,500 

Jovic and Driver 1.2 5,000 

Le, Moin and Kim 1.2 5,000 

Fig. 1 Computed streamlines for Driver and 
Seegmiller case. 

the test cases. The first grid point off the wall is at 

y+<0.5 ,  where the wall unit y+ is defined as y§ 

==-yu~/v, u c = ~ / ~ f p  and rw is the wall shear 

stress. 

4. Results  and Discuss ion  

Computations of  turbulent backward-facing 

step flows are done using the NRSM for the same 

flow conditions as experiments of Kim et al. 

(1980) (KKJ),  Driver and Seegmiller (1985) 

(DS), and Jovic & Driver (1994) (JD). DNS 

data of  Le et al. (1997) (LMK) are used for 

detailed comparison of the Reynolds-stress 

budgets. 

Table 1 summarizes the flow conditions of the 

test cases. Hx is the channel height at the inlet , / /2  

is the channel height at the outlet and H is the 

step height. Note that it is desirable to have a 

small expansion ratio Er to minimize free stream 

pressure gradient effects (Badri Narayanan et al., 

1974). The KKJ case is subjected to significant 

free stream pressure gradient effects due to the 

large expansion ratio whereas the other two cases 

are not. Notice also that JD's experiment and 

LMK's DNS have identical flow conditions; in 

fact, JD's experiment was performed in order to 

verify the accuracy of the DNS. The predicted 

 ./zt I 
0.0387 

0.2 

0.19 

0.19 

Meas. Xr Pred. X~ 

7 6.8 

6.3 6.1 

6 5.4 

6 

reattachment lengths Xr  for all cases are in very 

good agreement with the measured Xr,  although 

slightly underestimated. 

Figure 1 shows the calculated streamlines for 

DS case (with zero deflection angle of the top 

wall).  The sharp discontinuity of  the backward 

-facing step geometry produces a strong shear 

layer near the step. A large recirculation region is 

formed underneath of the shear layer, which, in 

turn, creates a small eddy motion in the corner. 

As the shear layer spreads, it impinges on the 

bottom wall near the reattachment point Xr.  

Some of the impinging shear layer moves down- 

stream and starts to develop into a boundary 

layer (the redeveloping boundary layer). Notice 

that the present streamline profiles do not show 

an unrealistic behavior of the separation stream- 

line near the reattachment point. Lasher and 

Taulbee (1992) observed that the separation 

streamline was pulled back underneath the recir- 

culating region when a fine grid was used in the 

near-wall  region. In the present study, a fine grid 

was used and that spurious behavior was obser- 

ved. 

Figure 2(a) ,  2(b) and 2(c) show calculated 

skin friction coefficients Cy for JD DS and KKJ 

cases, and results are compared with the corre- 

sponding experimental and DNS data. In all three 

cases, the model calculations underpredict the 

negative peak values of Cs in the recirculation 

zones. Also, for DS and KKJ cases (Figs. 2(b) 

and 2 (c)) ,  the calculated Cf is significantly lower 

than the experimental data in the regions down- 

stream of S t ,  which means slow and weak recov- 

ery of the redeveloping boundary layer. It is 

interesting to note that, for JD's low Reynolds 

number case (Fig. 2 (a)) ,  the negative peak of  the 

measured Cz in the recirculation region is compa- 
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Profiles of skin friction coefficients: 
- - ,  NRSM; - - ,  DNS; l ,  experimental data. 

rable in magni tude to that in the redeveloping 

boundary  layer region downstream of  the reatta- 

chment  point. 

Surface pressure coefficients C p ( = = - 2 ( P - P o ) /  

(oUo2)) are shown in Figs. 3 (a) ,  3(b) and 3(c) 

for JD, DS and K K J  cases. The  calculat ions show 

fairly good agreement  with the measurements for 

the JD and DS cases with minor  deviation. The 

agreement for the K K J  case (Fig. 3(c))  is rela- 

t ively poor.  

F igure  4(a) ,  4(b)  and 4(c) show the 

streamwise mean velocity profiles at various posi- 
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Fig. 3 Profiles of" surface pressure coefficients. 

t ions upstream and downst ream of  the reattach- 

ment  point, and results are compared  with the 

experimental  data  o f J D ,  DS and KKJ .  In general, 

the agreement of  the computa t ional  results with 

the experimental  data is very good. Fo r  JD case 

(Fig. 4 ( a ) ) ,  the computed U-ve loc i t y  profiles at 

x / H  = 4  shows insufficient backf low in the recir- 

culat ion region. However ,  the model  computa t ion  
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predicts the redeveloping boundary layer almost 

perfectly for JD's low Reynolds number case. For  

higher Reynolds number cases, DS and KKJ 

cases, the computations predict not only weak 

separated regions but also slow recovery of the 

redeveloping boundary layers downstream of_Yr. 

This finding suggests that the DNS data for low 

Reynolds number flows might not be suitable for 

developing turbulence models that are mainly 

used for high Reynolds number flows. 

Figure 5 (a), 5 (b) and 5 (c) show the compari-  

son of computed profiles of the Reynolds stress 

components 7y 2, ,~2, and -- u~J at various positions 

upstream and downstream of  the reattachment 

point with the JD's experimental data and LMK'  

s DNS data. It is quite encouraging to see that all 
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three Reynolds stress profiles at the step of this 

study, which are obtained from the channel flow 
solution with the same values of Re and 8* as 
those of  the experiment, show excellent agreement 
with the experimental data. Thus the inlet bound- 
ary conditions are in accord with the experiment. 

In Fig. 5(a), the 7 profiles at x / H = 4  and 6 

represent the dominance of  the shear layer. At x /  

H--10 ,  JD's experimental data already show 
double peaks of the ~ profile , one peak being 
very near the wall, while the DNS as well as the 
computation results of this study are slowly catch- 
ing up this development, as shown in the profiles 

at x / H  = 19. In addition, the ~ z  profiles at x / H  
=19  indicate that the redeveloping boundary 

layer is not fully recovered from the free shear 

layer. In the region of x / H < I O ,  the maximum 
values of u --z  are overpredicted by the present 

computation. The agreement between the calcu- 
lated and the measured ~ profiles in Fig. 5 (b) is 
as good as the agreement between the DNS data 
and the measurements. In Fig. 5(c), the model 
calculations overpredicts the peak values of - uv  

in the region near the reattachment point, while 
the DNS underpredicts. 

The calculated Reynolds stress components u --z, 

v ~z, and u--v- are compared with the DS's experi- 
mental data as shown in Figs. 6(a), 6(b) and 6 
(c). As observed in these figures, the profiles of 
the Reynolds stresses in the region near the top 

wall remain relatively unchanged, which indicates 

the minimal freestream pressure gradient effects 
due to the step. In Fig. 6 (a), the calculated t~- 

profiles at x / H = 7  and 10 show the peaks over- 
predicted by nearly 50%. In the recirculation 
region, the calculations show the peaks located 
higher than the experimental data. In Fig. 6 (b), 
the calculation underpredicts the peaks of 7 and 
the slope of v 7 in y-direction in the near-wall 
region. In the uv profiles in Fig. 6(c), the dis- 

crepancies are almost the same as in the u ~ 
profiles in Fig. 6(a).  

Figures 7, 8 and 9 compare the calculated 
budgets of the transport equations of U-velocity, 

k and uv with LMK's DNS data at four different 
positions upstream and downstream of the reatta- 

chment point. Lines represent the model calcula- 

tion and the symbols are the DNS data. Note that 

all terms in the k-equation are normalized by the 
reference velocity Uo and the step height H,  
multiplied by 100. 

In Fig. 7, the convection term -- UkdU/Sx~ is 
balanced by the sum of the Reynolds stress gradi- 

ent 8(--UUk)/SXh and the pressure gradient 
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-3P/,Ox. Since the Reynolds stress gradient is 
the only term through which the turbulence acts 
on the mean momentum, it is quite important to 

understand the meaning of the profiles of  3 
(--UUk)/OXk. The major deviation in the 

( -uu~)/cgxk profiles is found in the negative 
peak levels. The viscous diffusion terms, v3/3xk 
(3U/Oxk) are negligible compared to other terms 
everywhere except in the region very near the 
wall. Notice that at x / H = 2 ,  the calculation 

shows negative --3P/Ox while the DNS data 
positive. This deviation seems to be resulted fi'om 
the deviation in the convection terms. Consider- 
ing that the pressure is elliptic in nature, it is 

possible that the deviation in - 3 P / 3 x  comes 
from the present computational inlet located right 
at the step, This problem may go away if the inlet 
of  the computational domain is located a few step 
-heights upstream of the step. Moving down- 
stream, the agreement between the model compu- 
tation and the DNS data becomes better. In fact, 

the agreement is very good at x / H =  10 where the 

- g P / O x  term is negligible. 
As shown in Fig. 8, the production rate P in 

the transport equation of  the turbulence kinetic 

energy k is balanced mainly by the sum of the 

dissipation rate E, the convection -U,,3k/c~x,, 
and the turbulent diffusion 3/c~xm{v,,/,Tk(3k/ 
Oxt) }. The viscous diffusion cg/cgxm{v/ ((3k/3xt) } 
is negligible everywhere. Notice fi'om the profiles 
of the turbulent diffusion that the turbulence 
kinetic energy is extracted from the middle of the 
shear layer and then transferred to the outer 
regions of the shear layer. Overall, the model 
calculation shows very good agreement with the 

DNS data. 

In the budget of  the uv transport equation in 
Fig. 9, the production rate l~a is balanced by the 

sum of the redistribution F12 and the turbulent 
diffusion, according to the DNS data. However, 
the present calcu[ation shows that the contribu- 
tion from the turbulent diffusion is somewhat 
smaller than that from the anisotropic dissipation. 
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5. Concluding Remarks 

A near-wall Reynolds stress model(NRSM) 

was used in numerical computations for two 
-dimensional, incompressible turbulent flows 
over backward-facing steps. Numerical results for 
three different backward-facing step flows were 
compared with the DNS data as well as the 
experimental data. The comparison revealed that 
the NRSM predicted the reattachment length fair- 
ty accurately. The NRSM also fairly well predict- 

ed the development of" the boundary layer down- 
stream of the reattachment point correctly when 
the Reynolds number was low. However, the 
model generally predicted a weak separation 
bubble and a slowly developing boundary layer 

when the Reynolds number was high. 
In order to scrutinize the model, the calculated 

budgets of the transport equations of U-velocity, 
k and uv were compared with DNS data at four 

different positions upstream and downstream of 
the reattachment point. Overall, the model calcu- 

lation showed very good agreement with the DNS 
data. 
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